Abstract. Let g be a Riemannian metric with ergodic geodesic flow. Then if some metricḡ has the same geodesics (regarded as unparameterized curves) with g, then the metrics are homothetic. If two metrics on a closed surface of genus greater than one have the same geodesics, then they are homothetic.
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Abstract. Let g be a Riemannian metric with ergodic geodesic flow. Then if some metricḡ has the same geodesics (regarded as unparameterized curves) with g, then the metrics are homothetic. If two metrics on a closed surface of genus greater than one have the same geodesics, then they are homothetic.
Let g,ḡ be two C 2 -smooth Riemannian metrics on a manifold M n of dimension n ≥ 2. They are projectively equivalent if they have the same geodesics regarded as unparameterized curves. For a given metric g, there always exist trivial examples of projectively equivalent metrics: for any positive constant C, the metric Cg is projectively equivalent to g.
Consider the fiberwise-linear mapping G : T M n → T M n given by G = g 
Consider the characteristic polynomial det(
Here m lies in the set {1, 2, . . . , n} so that k = n − m lies in the set {0, 1, . . . , n − 1}. Consider the functions I 0 , I 1 , . . . , I n−1 : T * M n → R given by the general formula
In invariant terms, if we identify T M
n with T * M n via the metric g, the functions If the geodesic flow of a metric is ergodic, any smooth integral is a function of the Hamiltonian and therefore only trivial examples of projective equivalence are possible. Basically we need not ergodicity but transitivity (= the existence of an orbit of the geodesic flow which goes arbitrary close to any point of the tangent bundle). By definition, almost any orbit of an ergodic geodesic flow is transitive.
Corollary 1.
Let the geodesic flow of g be ergodic. If some metricḡ is projectively equivalent to g, thenḡ = Cg for some constant C.
We will give a simple self-contained proof of Corollary 1 which does not use Theorem 1. Actually, in the proof of Corollary 1, we will demonstrate that the function I 0 is an integral for the geodesic flow of g. It is easy to see that the function I 0 is given by
More precisely, by Hamilton-Cayley theorem we have c 0 A n + · · · + c n ≡ 0. Then
The geodesic flow of a metric with negative sectional curvature on a closed manifold is ergodic; see the appendix by Brin in the book [1] .
Corollary 2. Let g be a Riemannian metric on M
n . Suppose that M n is closed, connected, and the sectional curvature of g is negative. Then if some metricḡ is projectively equivalent to g, thenḡ = Cg for some constant C.
For closed surfaces, the integral of the curvature form over the surface is equal to the Euler characteristic. Then a metric with negative curvature can exist only on the surfaces of negative Euler characteristic. For such surfaces, we do not need the curvature restriction in Corollary 2. This corollary gives us a partial answer to the following classical question: for closed surfaces, what local structures constructed by a given metric, do not determine the metric locally, but determine the metric globally? Corollary 1 shows that, for surfaces of negative Euler characteristic, the projective class of a metric (= the set of all metrics projectively equivalent to the metric) uniquely defines the metric modulo multiplication by a constant.
The projective class of a metric is a locally defined object. It can be given in terms of the so-called projective connection (see for example Chapter 4 of Kobayashi [6] ) or in terms of the Thomas vector field (see Thomas [10] ).
Generally speaking, the projective class of a metric defines the metric neither locally nor on closed surfaces with Euler characteristic greater than or equal to zero. For the sphere, the first nontrivial examples of projectively equivalent metrics are due to Beltrami [2] ; for the torus such examples follow easily from Dini [4] . For the projective plane and for the Klein bottle such examples can be easily constructed using Beltrami's examples on the sphere and Dini's examples on the torus. Corollary 3 almost follows from Kolokol'tsov [7] or Kiyohara [5] . More precisely, the integral I 0 is quadratic in velocities so that the existence of a projectively equivalent metric implies the existence of an integral quadratic in velocities.
In [7] it was shown that the geodesic flow of a metric on a surface of negative Euler characteristic does not admit an integral which is 1. quadratic in velocities and 2. functionally independent of the Hamiltonian almost everywhere. The second condition does not allow us to apply directly the result of [7] to our situation.
If a quadratic in velocities integral for the geodesic flow of a metric on a connected surface is functionally independent of the Hamiltonian at least at one point, then the integral is functionally independent of the Hamiltonian at almost every point. This fact was shown in [5] provided that the integral is not a linear combination of the Hamiltonian and the square of some linear in velocities integral; the latter condition does not allow us to apply directly the result of [5] to our situation.
In our paper we give a simple self-contained proof of Corollary 3. The main construction is based on the idea of Birkhoff (see Chapter 2 of [3] ) and has been used in [7] .
Proof of Corollary 1. Let us show how the existence ofḡ projectively equivalent to g allows one to construct an integral for the geodesic flow of g. The construction is essentially due to [9] (see also [8] ); it is slightly more general and allows one to construct an integral by an orbital diffeomorphism between two Hamiltonian systems.
Let v andv be Hamiltonian systems on symplectic manifolds (N 2n , ω) and (N 2n ,ω) with Hamiltonians H andH, respectively. Consider the isoenergy surfaces (which are not surfaces but submanifolds of codimension 1)
where h andh are regular values of the functions H,H, respectively. A diffeomorphism φ : Q 2n−1 −→Q 2n−1 is orbital if it takes the orbits (regarded as unparameterized curves) of the system v to the orbits of the systemv.
Given an orbital diffeomorphism, we can invariantly construct an integral for the system v. Denote by σ,σ the restrictions of the forms ω,ω to Q 2n−1 ,Q 2n−1 , respectively. Consider the pull-back φ * σ , which is a skew-symmetric two-form on Q 2n−1 . By definition of the vector field v, for any vector field u we have ω(v, u) = dH (u) . Then the kernel of the form σ coincides (in the space T q Q 2n−1 at each point q ∈ Q 2n−1 ) with the linear span of the vector v. Since the mapping φ takes orbits to orbits, the differential dφ takes the vector field v to a vector field which is proportional tov. Therefore the kernel of the form φ * σ also coincides (in the space T q Q 2n−1 at each point q ∈ Q 2n−1 ) with the linear span of the vector v. Therefore the forms σ, φ * σ induce two nondegenerate two-forms on the quotient bundle T Q 2n−1 / v . Recall that the quotient bundle T Q 2n−1 / v is the linear bundle over Q 2n−1 ; the vectors of this bundle are equivalence classes of the vectors of T Q 2n−1 ; for any q ∈ Q 2n−1 , two vectors u 1 , u 2 ∈ T q Q 2n−1 belong to the same class U ∈ T q Q 2n−1 / v if and only if the vector u 1 − u 2 is proportional to v. We will denote the corresponding forms on T Q 2n−1 / v also by σ, φ * σ . Consider the fiberwise-linear mapping Σ :
, which is a function on Q 2n−1 , is an integral of the system v. More precisely, by Cartan's formula, the Lie derivative L v φ * σ of the form φ * σ on Q 2n−1 along the vector field v satisfies
On the right-hand side both terms The geodesic flows of projectively equivalent metrics g,ḡ on M n are orbitally equivalent systems on the symplectic manifolds N 2n =N 2n = T M n with symplectic forms
and Hamiltonians H,H :
n is essentially the re-parameterization of geodesics, from the natural parameter of g to the natural parameter ofḡ:
The diffeomorphism φ obviously takes the isoenergy surface Q Consider the fiberwise-linear mapping Ω :
. Let us first calculate the determinant of Ω. The forms ω, φ * ω are given by
We see that the formulae (2) On the right-hand side of (4) each term is a polynomial of third degree in momenta. Then the bracket is also a polynomial of third degree in momenta. In order for the polynomial to equal zero, all coefficients must be zero, and in particular the coefficient of p 3 . Thus By Abel's theorem, for a meromorphic nontrivial two-form on a closed Riemann surface, the number of poles P minus the number of zeros Z is equal to twice the Euler characteristic. Then either the Euler characteristic of M 2 is negative or A ≡ 0. In the second case the metrics are conformally equivalent; in the proof of Theorem 1 we already showed that if two metrics are projectively equivalent and conformally equivalent, then the conformal coefficient is constant so thatḡ = Cg. Corollary 3 is proved.
